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Optimal Dividend Strategies for Two Collaborating 
Insurance Companies 
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Abstract 

We consider a two-dimensional optimal dividend problem in the context of two insurance 
companies with compound Poisson surplus processes, who collaborate by paying each other’s 
deficit when possible. We solve the stochastic control problem of maximizing the weighted 
sum of expected discounted dividend payments (among all admissible dividend strategies) un¬ 
til ruin of both companies, by extending results of univariate optimal control theory. In the 
case that the dividends paid by the two companies are equally weighted, the value function 
of this problem compares favorably with the one of merging the two companies completely. 
We identify this optimal value function as the smallest viscosity supersolution of the respec¬ 
tive Hamilton-Jacobi-Bellman equation and provide an iterative approach to approximate it 
numerically. Curve strategies are identified as the natural analogue of barrier strategies in 
this two-dimensional context. A numerical example is given for which such a curve strategy 
is indeed optimal among all admissible dividend strategies, and for which this collaboration 
mechanism also outperforms the suitably weighted optimal dividend strategies of the two 
stand-alone companies. 


1 Introduction 

Ever since de Finetti m proposed in 1957 to measure the value of an insurance portfolio by 
the expected discounted sum of dividends paid during the lifetime of the portfolio, it has been 
of particular interest to determine the optimal dividend payment strategy which maximizes 
this quantity. More than that, this field of research over the years turned out to be a challeng¬ 
ing and fascinating area, combining tools from analysis, probability and stochastic control. In 
1969, Gerber JS] showed that if the free surplus of an insurance portfolio is modelled by a 
compound Poisson risk model, it is optimal to pay dividends according to a so-called band 
strategy, which collapses to a barrier strategy for exponentially distributed claim amounts. 
Whereas Gerber found this result by taking a limit of an associated discrete problem, this 
optimal dividend problem was studied with techniques of modern stochastic control theory in 
Azcue and Muler [3, see e.g. Schmidli | 21 | for a detailed overview. Since then the optimal 
dividend problem was studied for many different model setups, objective functions and side 
constraints (we refer to Albrecher and Thonhauser [2] and Avanzi [4] for surveys on the sub¬ 
ject). A barrier strategy with barrier b pays out dividends whenever the surplus level of the 
portfolio is above 6, so that the surplus level stays at b, and pays no dividends below that 
barrier b. The most general criteria currently available for barrier strategies to be optimal can 
be found in Loeffen and Renaud [19]. The optimality of barrier strategies when including the 
time value of ruin was studied in [23], and when including capital injections by shareholders 
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in Kulenko and Schmidli [18] . 

All these control problems have been formulated and studied in the one-dimensional frame¬ 
work. However, in recent years there has been an increased interest in risk theory in considering 
the dynamics of several connected insurance portfolios simultaneously, see e.g. Asmussen and 
Albrecher [3] Ch.XIII.9] for an overview. Ruin probability expressions for a two-dimensional 
risk process are studied in Avram et al. Eng] for simultaneous claim arrivals and proportional 
claim sizes and recently in Badila et al. mi and Ivanovs and Boxma m in a more general 
framework. In Azcue and Muler [8], the problem of optimally transferring capital between 
two portfolios in the presence of transaction costs was considered, see also Badescu et al. 
m- Czarna and Palmowski m study the dividend problem and impulse control for two 
insurance companies who share claim payments and premiums in some specified proportion 
for a particular dividend strategy. It turns out that these multi-dimensional problems, albeit 
practically highly relevant, quickly become very intricate and explicit solutions can typically 
not be obtained without very strong assumptions. 

In this paper, we would like to extend the optimal dividend problem from univariate risk 
theory to a two-dimensional setup of two collaborating companies. The collaboration consists 
of paying the deficit (’bailing out’) of the partner company if its surplus is negative and if 
this financial help can be afforded with the current own surplus level. We solve the problem 
of maximizing the weighted sum of expected discounted dividend payments until ruin of both 
companies. A natural question in this context is whether such a collaboration procedure can 
be advantageous over merging the two companies completely; we will show that this is the case 
when the dividends paid by the two companies are equally weighted. For criteria of a merger 
being an advantage over keeping two stand-alone companies under pre-defined barrier strate¬ 
gies and marginal diffusion processes, see e.g. Gerber and Shiu ESI, for the performance of 
another pre-defined risk and profit sharing arrangement, see e.g. Albrecher and Lautscham [T]. 
Our goal here is, however, to address the general problem of identifying the optimal dividend 
strategy (among all admissible dividend strategies) for each company under this collabora¬ 
tion framework. This leads to a fully two-dimensional stochastic control problem, and to the 
question what the natural analogues of the optimal univariate barrier strategies are in two 
dimensions. The particular structure of the collaboration implemented in this paper will turn 
out not to be essential, so the techniques may be applicable to other risk-sharing mechanisms 
as well. Yet, the concrete specification allows to carry through the necessary analysis of the 
stochastic control problem explicitly by way of example. 

The rest of the paper is organized as follows. In Section [2] we introduce the model and the 
stochastic control problem in detail and derive some simple properties of the corresponding 
value function V. In Section El we prove that V is a viscosity solution of the corresponding 
Hamilton-Jacobi-Bellman equation for independent surplus processes, and in Section [4] we 
show that V is in fact its smallest viscosity supersolution. Section El provides an iterative 
approach to approximate the value function V, together with the analogous verification steps 
at each iteration step. Section El discusses the stationary dividend strategies that appear in 
our model, and in Section 0 we establish curve strategies as the appropriate analogues of the 
univariate barrier strategies. Finally, Section El shows how to constructively search for optimal 
curve strategies and in Section[9]an explicit numerical example for the symmetric (and equally 
weighted) case with exponentially distributed claim sizes is worked out for which such a curve 
strategy is indeed optimal among all admissible bivariate dividend strategies. It is then also 
illustrated that for this case the proposed type of collaboration is preferable to adding the 
best-possible stand-alone profits. 
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2 Model 


We consider two insurance companies, Company One and Company Two, which have an 
agreement to collaborate. Let us call Xt the free surplus of Company One and Yt the one of 
Company Two. We assume that the free surplus of each of the companies follows a Cramer- 
Lundberg process, i.e. a compound Poisson process with drift given by 


(1) 


x t = x + p 1 t-J 2 ?i 1 ul 1) 
Yt = y + P2t-J2?=iUi 2 \ 


where x and y are the respective initial surplus levels; p\ and P2 are the respective premium 
rates; U\ ; is the size of the i-th claim of Company k, which are i.i.d. random variables with 
continuous distribution F k for k — 1,2; iV/ and Nt are Poisson processes with intensity Ai and 
A 2 , respectively. We assume here that the processes N k , N t 2 and the random variables U^\ 
U\ 2 ' > are all independent of each other, and pj > XjEiJJ^), j = 1, 2. 

There is a rule of collaboration signed by the two companies: if the current surplus of 
Company One becomes negative, Company Two should cover the exact deficit of Company 
One as long as it does not ruin itself, and vice versa. Ruin of a company hence occurs when 
its surplus becomes negative and the other company cannot cover this deficit. 

A simulated surplus trajectory under this collaboration rule is shown in Figure 1.1. 



Fig. 1.1: Surplus process under the collaboration rules. 


Both companies use part of their surplus to pay dividends to their shareholders. The 
dividend payment strategy L = ( L\,Ll ) is the total amount of dividends paid by the two 
companies up to time t. Let us call r,f the arrival time of the i-th claim of company k , with 
k = 1,2. We define the associated controlled process ^X^,Y t L ^j with initial surplus levels 
(x,y) as 

(9) j xl = Xt-Ll+Cl 1 -Cl ’ 2 

\ Y t L = Y t -Ll + C 1 t ’ 2 -C' 2 t ’\ 

where 
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C: 


2,1 


= £ 7 f^ 


“T { X\ <0,Y^ +X\ >0 

4 --*■ I T. T. T. 


xt 


corresponds to the cumulative amount transferred from Company Two to Company One up 
to time t in order to cover the deficit of Company One and 


c *’" = Z 7 f- - - 

— ' y l 2 <o,y l 2 +x l 2 : 




corresponds to the cumulative amount transferred from Company One to Company Two up 
to time t in order to cover the deficit of Company Two. 

Let us call r the time at which only one company remains (because it cannot cover the 
deficit of the other), more precisely, 


(3) r = inf > 0 : Xt + Y t L < 0 j . 

The process (^X^,Y t L J is defined for t < r. We say that the dividend payment strategy 
L = (L],Ll) is admissible if it is non-decreasing, caglad (left continuous with right limits), 
predictable with respect to the filtration generated by the bivariate process (Xt. Yt), and 
satisfies 

r l\ <x t + cf 1 - c]'\ 

l L? < Y t +Cl ' 2 -C 2 t ’\ 

This last condition means that the companies are not allowed to pay more dividends than their 
current surplus. Let us call R+ the first quadrant. We denote by Tlx.y the set of admissible 
dividend strategies with initial surplus levels (x,y) £ R+. Our objective is to maximize the 
weighted average of the expected discounted dividends paid by the two companies until ruin of 
both companies. Note that after time r, the surviving company can continue to pay dividends 
up to its own ruin. Let us define Vj? (k = 1, 2) as the optimal value function of the one¬ 
dimensional problem of maximizing the expected discounted dividends until ruin of Company 
k alone. So, for any initial surplus levels ( x,y ) £ R+, we can write down the optimal value 
function as 

(4) V(x,y)=_sup V T (x,y), 

L£T\. x t y 


where 


(5) V T (x,y) = E X}V (a! 


fe~ Ss dL\ +e~ ST V 1 °(X±) 


+ d2 


/ —6s j r 2 i —dr 

e dL s + e 


V 2 °(Y^[ 


Here, S > 0 is a constant discount factor, and ai £ [0,1] and <12 = 1 — 01 are the weights of the 
dividends paid by Company One and Company Two respectively. The functions Vj? (k = 1,2) 
are zero in (— 00 ,0) so depending on which company goes to ruin at r, either Vi°(AV) = 0 or 
V 2 °(Y-) = 0. The optimal dividend strategy corresponding to Q may be regarded as the best 
dividend payment strategy from the point of view of a shareholder who owns a proportion ma 1 
of the total shares of Company One and a proportion ma 2 of the total shares of Company 
Two for some 0 < m < min{l/ai, 1 / 02 }- An important particular case is a, = a 2 = 1/2, in 
which the dividends paid by the two companies are equally weighted (for an earlier example 
of weighting separate terms in the objective function in the univariate dividend context, see 
Radner and Shepp HO)- 
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Remark 1 In case the two companies are owned by the same shareholders, another possibility 
of collaboration between the two companies is merging, in which case the companies put together 
all their surplus, pay the claims of both companies and pay dividends up to time r at which 
the joined surplus becomes negative (see e.g. Gerber and Shiu 116\D ). Given the initial surplus 
levels ( x,y ), we can interpret any admissible dividend payment strategy (Lt) t>0 for the merger 
as an admissible collaborating one as follows 


L\ = S 


XP+Y‘ 


■ dL t , L 2 t =j 




■dL t 


Since Lt is constant for t > t — r, the surviving company does not pay any dividends here. 
So Vfi defined in m for oi = = 1 / 2 , satisfies 


2 V T (x,y) > 2 E x , y (\je~ Ss dL\ + Ue^dL 2 ] = E x+y (fe~ Ss dL s ). 

The last expected value is the value function of the merger dividend strategy (Lt) t>0 ■ We 
conclude that the optimal collaborating strategy for equally weighted dividend payments is better 
than the optimal merger strategy. 

Both optimal value functions V( and Vf corresponding to the stand-alone companies have 
an ultimately linear growth with slope one and they are Lipschitz, see for instance Azcue and 
Muler [7]. Let us state some basic results about regularity and growth at infinity of the optimal 
value function V defined in From now on, let us call A := Ai + A 2 and p := aipi + 02 ^ 2 - 

Lemma 2 The optimal value function is well defined and satisfies 

V V 

a 1 x + a 2 y+ < V{x,y) < ai x + a 2 y + 7 

0 A 0 

for all (x, y) £ R+. 

Proof. 

Let us first prove the second inequality. Note that V(x,y) increases when the Poisson 
intensities Ai and A 2 decrease, but the optimal value function for the problem with parameters 
Ai = A 2 = 0 is 

r 00 

aix + a 2 y + / e~ 3 pds = aix + a 2 y + 7, 

Jo 0 

which corresponds to the value function of the strategy in which each company pays immedi¬ 
ately the initial surplus and then it pays the incoming premium forever as dividends. 

In order to obtain the first inequality, consider the admissible strategy Lq = ( L\,L f) in 
which each company pays the initial surplus immediately, and then pays the incoming premium 
up to time r that coincides with the first claim arrival time n = t( At 2 ; we have, 

V(x,y) > 

> 

□ 

Lemma 3 The optimal value function V is increasing, locally Lipschitz and satisfies for any 
(x,y)£ R+, 

aih <V(x+h,y) — V(x,y) < (e^ +A ^ hy,pi — 1 )V(x,y) 

and 

a 2 h < V(x, y + h) — V(x, y) < ( e f s+x ' >h l p 2 — 1)1/ (x, y) 

for any h > 0 . 


v l 0 ( x > y) 

aix + 02 y + E x , y ^/ e~ Sa pds 
aix + 02 y + ^ 7 . 
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Proof. 

Let us prove the inequalities at the top, the ones at the bottom are similar. Given any 
e > 0, take an admissible strategy L G Tix, y such that Vy(x, y) > V ( x , y) — e. We define the 
strategy L £ H x +h, y for h > 0 as follows: Pay immediately an amount h of the surplus of 
Company One as dividends and then follow the strategy L. We have that 

V z i (x + h,y) = Vjr(x, y) + a\h 

and so 


( 6 ) V {x + h, y) > Vjj(x, y) + aih > V(x, y) + aih — e. 

_2 

Consider also an admissible strategy L G II x +h,y such that V(x + h,y) > ly 2 (x + h,y)—e and 

_3 

define the admissible strategy L G 11^ which, starting with surplus (x, y) pays no dividends 
until 

t = inf > 0 : Xt > x + h, Y t L > , 

y3 y3 

at time t pays either X t — (x + h) from the surplus of Company One or Y t — y from the 

surplus of Company Two, depending on which of these differences is positive, and then follows 

_2 

strategy L G II x +h, y - In the event of no claims, t = to := h/pi ; since the probability of no 
claims until to is e~ xt °, we get 


(7) V(x,y) > V T 3 {x,y)> V 1 p(x + h, y)e {6+x)t ° > {V{x + h,y) - e)e (s+x)t °. 

From © and 0, we get the inequalities at the top. □ 


3 Hamilton-Jacobi-Bellman equation 

In order to obtain the Hamilton-Jacobi-Bellman (HJB) equation associated to the optimization 
problem ©, we need to state the so called Dynamic Programming Principle (DPP). The proof 
that this holds is similar to the one given in Lemma 1.2 of Azcue and Muler [9j and uses that 
V is increasing and continuous in Ry. 

Lemma 4 For any initial surplus ( x , y) in Ry and any stopping time t, we can write 


v (x,y) 

= sup (. E x , y { ai T f T e- Ss dLl + a 2 T j T e~ Sa dL 2 a + e~ s(T ^ I {t/ , t<t} V(X^ t , Y? a r ) 

L 6^,, 0 _ 0 _ 

+e- < ( TA ^/ {TATaf} (oiV 1 0(4) + a 2 V 2 0 (Y^)))). 

The HJB equation of this optimization problem is 


( 8 ) 


max {£(V){x, y), ai - V x {x,y),a 2 - V v {x,y)} = 0, 


where 


(9) C(V)(x,y) = V x (x,y)pi + V v {x,y)p 2 - (5 + A) V(x,y) +l(V)(x,y) + U{x,y), 

l(V)(x,y) = \ 1 fZV(x-a,y)dF 1 (a) + \ 1 f* +y V(0,x + y-a)dF 1 (a) 

+A 2 Jo V(x,y - a)dF 2 (a) + \ 2 fj +y V(x + y - a, 0)dF 2 (a), 
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and 

(10) U(x, y) = \ ia2 v?(y)(l -F 1 (x + y)) + A 2 aiV?(a;)(l - F\x + y)). 

Since the optimal value function V is locally Lipschitz but possibly not differentiable at 
certain points, we cannot say that V is a solution of the HJB equation, we prove instead that 
V is a viscosity solution of the corresponding HJB equation. Let us define this notion (see 
Crandcll and Lions [12] and Soner [22] for further details). 

Definition 5 A locally Lipschitz function u : R^ —> R is a viscosity supersolution of m at 
(x, y) £ R+ if any continuously differentiable function ip : R^_ —>• R with <p(x, y) = u(x, y) 
such that u — (p reaches the minimum at ( x , y) satisfies 

max {C(p)(x, y),a± - p x (x,y),a 2 - ip y (x,y)} < 0 . 

A function u : R+ —> R is a viscosity subsolution of W at (*, y) £ R+ if any continuously 
differentiable function if : Rfj_ —> R with ip(x, y) = u(x, y) such that u—ip reaches the maximum 
at (x, y) satisfies 

max {C(il>)(x, y), ai - if x (x,y),a 2 - if> y (x,y)} > 0. 

A function u : R+ —¥ R which is both a supersolution and subsolution at (x, y) £ R+ is called 
a viscosity solution of at (x,y) £ R)_. 

Proposition 6 V is a viscosity supersolution of the HJB equation m at any ( x , y) with x > 0 
and y > 0. 

Proof. Given initial surplus levels x > 0, y > 0 and any h > 0, l 2 > 0, let us consider the 
admissible strategy L where Company One and Two pay dividends with constant rates h and 
l 2 respectively and f is defined as in CD- Let ip be a test function for the supersolution of J5J 
at ( x , y) with x > 0 and y > 0. As before, denote rf and rf as the arrival time of the first 
claim of Company One and Two respectively, and n = ti A Ti. We have for t < n, 

f Xf=x + (pi - h)t, 

1 Y t L =y + (p 2 -l 2 )t. 

Note that Nf + Nf is a Poisson process with intensity A, because the arrival times of the two 
companies are independent. We have from Lemma [ 4 ] that 


We can write 


So we obtain 


p(x,y) = V(x,y) 

> E X}V (a i j; iAt e~ Ss hds + a 2 JJ lAt e~ Ss J 2 ds) 
+E x , y (e~ s ^I {TlM<n V(Xj lM ,Y T L lAt ))) 

+E x , y (e- 5T I {TlM = T} {aiV?{X±)+ a 2V2{YZ))) 

> E XiV (a i fg lAt e~ s s l ids + a 2 fg lAt e~ Ss l 2 ds) 
+E x , y (e~ s ^<p(xf Ml V^i)f{ Tl At<r } ) 

+E x , y (e-^7 {TlAt=T} (aiW , (X#) + a 2 y 2 0 (y^))) . 

E*, v (e- 5(rAt V(^?A t , Y? M )I {rLAt < n ) 

= E w , y (I {t<T1 } e~ st ^X^ M ,Y^ M )) 

+ E x , y (I{ T1=TlAt< Tand } e STl <P(Xfj, Yfi)) 

+E x , y {I( T1=TlAt<xand T1=T 2 } e STl p(X^2, T.4))- 
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Therefore, 


/ />T2 At —<5 si j | At —<5 s t j 

o > lim, (li . (-— ' lrfs + ajJ " ^ 

i l:,— e~ ( - X+S ' )t cp(x+(p 1 -l 1 )t,y + (p 2 -l2)t)-^(x,y) 

-hiim+_. 0 + 7 


+ lim f _ > .o+ E x ,y 


+ lim t _ ) .o+ E x ,y 


+ lim t ^ 0+ E XiV 


=ti At < "rand T^=r^ } 


V,=nA.<r„d } «~* Tl 


' e~ ,,T T T iAt=-}( o i v 'i 0 ( x ^)+^ v 2 ) (y#')) 


aiti + a 2 h - (S + A) ip(x, y) 

+ (Pi ~ h)<Px(x,y) + (p 2 - h)‘p y (x,y)+l(<p)(x,y) 
+U(x, y). 


o > £{<p)(x, V ) + h (ai - <p x {x, y)) + h (a 2 - ip v (x, y )). 

Taking l\ = l 2 = 0, h —> oo with l 2 = 0, and l 2 —> oo with l\ = 0, we obtain 

max {C(ip)(x, y),a\ -ip x (x,y),a 2 - ip y {x,y)} < 0 .D 
Proposition 7 V is a viscosity subsolution of the HJB equation W- 

Proof. Arguing by contradiction, we assume that V is not a subsolution of © at (xo,yo) 
with xo > 0 and y o > 0. With a similar proof to the one of Proposition 3.1 of Azcue and 
Muler (2014), but extending the definitions to two variables, we first show that there exist 
£ > 0, h G (0, min{xo/2, yo/2}) and a continuously differentiable function ip : R"j_ —>• R such 
that ip is a test function for the subsolution of Equation © at (xo,yo) and satisfies 


(11) ipx{x,y)>ai,ip y (x,y)>a 2 
for (x, y) G [0, x 0 + h] x [0, y 0 + h], 

(12) C (ip) (x, y) < -2eS 
for (x, y) G [xo - h,xo + h] x [y 0 — h,yo + h], and 


(13) V(x,y) < ip(x,y) - 2e 

for (x,y) G R+ \ (xo - h/2,xo + A/2) x (y 0 - h/2,y 0 + A/2). 

Since ip is continuously differentiable, we can find a positive constant C such that 

(14) C(ip)(x, y) < C 

for all (x, y) G [0, xo + 2 h\ x [0, yo + 2 h]. 

Consider 

[ h _A_eA_) 

< < \ 2 max (pi ,p 2 }’ 45 (5 + A) ’ 2C (<5 + A) J ’ 

and let us take any admissible strategy L G II X0|H0 . Consider the corresponding controlled 
risk process ( Xt,Yt ) starting at (xo, yo), and define the stopping times 

r b = inf{t > 0 : (A' t , Yt) G d ([xo — h,xo + h] x [y 0 — h,y 0 + h])}, 
t = inf{£ > 0 : ( X t ,Y t ) G R+ — [xo - h,xo + h] x [y 0 — h,y 0 + A]} 
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and t* = t 6 A (r + 9) A r. Note that r* is finite for h small enough and that it is necessary 
to introduce 9 because before a lump sum dividend payment, (J D Yt) can be in [*0 — h,x 0 + 
h\ x [y 0 - h,y 0 + h] and (X z , Y r ) £ R+ - [a; 0 - h, x 0 + h) x [y 0 - h, y 0 + h\. 

Let us show that 


(15) V(X T *, Y t . ) < ip(X T *, Y T *) - 2e 

if r* = r b A (r + 9) < r. There are two possibilities: 

(1) If t* — r b , (Xr*,Yr*) £ d ([*o — h, xo + h] x [j/o — h, yo + h \) and so, from lfl3l) . we 
obtain V{X T *, Y T *) < i/>(X T *, Y r *) - 2e, 

(2) If r* = r+0, the distance from (X T », Y T *) to (xo, Vo) is at least h/2 > h —max {pi,P 2 } 9, 
so from m, we get 03- 

Note that (X s ~ , Y„_) £ [0, xo + h + pi9] x [0, yo + h +£> 20 )] C [0, xo + 2/i] x [0, yo + 2/i)] for 
s < t* , so we have that 

C(i>)(X s -,Y s -)<Ciors<T*. 

Since L\ , with i = 1,2, is non-decreasing and left continuous, it can be written as 



S<t 


where L*’ c is a continuous and non-decreasing function. Since the function ip is continuously 
differentiable in R+, using the expression m and the change of variables formula for finite 
variation processes, we can write 

ip(X T *, Y r *)e~ ST -ip(xo,yo) 

= So’ (piMX s -,Y s -)+p 2 iPy(X s -,Y s -))e- Ss ds 

+ E (iP(X a ,Y a )-iP(X s -,Y a -))e~ Ss + E (ip(Xs,Ys)-iP(X s -,Y s -))e~ Ss 

X s -?Xs Y s-* Y ‘ 

S<T* S<T* 

-IS’ MX s -,Y s -)e- 5s dLl^+ E WX l+ ,Y s+ )-ip(X.,Y,))e- 1 ' 

X 3 +^ X S 

S<T* 

-/ 0 r * ip y (X s -,Y s -)e- 5s dL 2 s ’ c + E (ip(X 3+ ,Y s+ )-ip(X s ,Y s ))e~ Ss 

Y S +* Y ° 

S <T * 

-5£*iP(X s -,Y s -)e- Ss ds. 

Note that (X s , Y s ) £ R+ for s < t* except in the case that r* = r, where X T * 4 - Y T * < 0. 
Here we are extending the definition of ip as 

ip(x, y) = aiVl(x)I x >o + a 2 V 2 0 (y)I v >o 

for x + y < 0. We have that X s + ^ X s only at the jumps of L\, and in this case X s + — X s = 
— (L 8+ — Z, 3 ). Since L is admissible we have that ,Y S + = A' s — (L 3+ — L\) > 0. We can write 


(17) 


-f 0 T MX s -,Y s -)e~ Ss dLl’ c + E (ip(X s+ ,Y s+ )-iP(X s ,Y s ))e- 

x a +* x s 

S<T* 

= -fS*ip x (X s -,Y s -)e- Ss dLl’ c + E (f 0 L ‘ + ~ Ll MXs-a,Ys)da)e- 

x e+ jtx s \ 

S<T* 

< — fl* aie~ Sa dLl’ c — m E (fo^^'da ) e" 4 * 




s + 7 
S<T* 


= -ai /; e~ 5 a dL\. 
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Similarly, 


-£* i/> x (X s -,Y s -)e- Ss dL 2 s ' c + £ W(X s+ ,Y s+ )-Tp(X s ,Y s ))e-* a 

x s + 7^ X S 
S<T* 

( 18 ) = -/ 0 r * i> x (X s -,Y s -)e~ Ss dL 2 s ’ c - £ (f 0 L * + ~ L ° i> x (X s ,Y s - a)da) e~ 5a 

i 2 ,^L 2 V / 

S"T s 

S<T* 

< —a 2 f; e~ Ss dL 2 . 

On the other hand, X s ^ X 3 - only at the arrival of a claim for Company One, so 


Ml = £ W(.Y s ,y s )-^(A' s -,l' s -))e- fs 

x s -^x s 

s<t 

(19) -Ai /„* e-* s Jo‘~ — a,Y g ~) — ip(X g -,Y g -)) dF 1 (a)ds 

-Ar f* e~ Ss /*£ +y - (V>(0, X„- + Y g - - a) - 4>{X S - , Y t - )) dF^a)* 
-Ar /„* e- 5s +n _ (a 2 C 2 °(£-) - </>(£-, £-)) dF^a)* 

is a martingale with zero expectation for t < r. Analogously, 


M? = £ W(X s ,Y s )-4>(X s -,Y g -))e- Ss 

Y s~* Y ‘ 

S<t 

(20) -A 2 /„* e- 5s f 0 Y °~ (4>(X g -, Y g - -a)- X s - , £-)) dF 2 (a)ds 

-Aa Jo* e"' s JxT +n “ M*.- + - a, 0 ) - i&(*.- , £_)) dF 2 (a)da 

-Aa fo e~ Ss fx'_ +Yt _ («iV l°(Y,-) - iK*.-, *.-)) dF 2 (a)ds 

is also a martingale with zero expectation for t < r. So we get 


( 21 ) 


^(X T .,Y T .)e- ,T * -1>{xo,yo) < ff * £(4>)(X S -,Y s -)e~ Ss + M), + M 2 

—oi / 0 T * e^dF* - o 2 ff* e~ Sa dL 2 . 


Using the second inequality of m, ini and the definition of 0 we get 
(22) 

/;* CW(X s -,Y g .)e- Sa ds < f; b ^ T CmX g -,Y g -)e- Ss ds + Cd 


< -2e8 f 0 Tb AzAT e~ Ss ds + C9 


< - 2 ^ fo T e~ 5a ds + I T „^ <T » 2e8 f T \ AzAT e~ 5s ds + C6 

< -2£{l-e~ ST *)+E\/(5 + \). 


From 


Lemma HI (fl5l) . (l2TTl and 


it follows that 


(23) 

Y(a:o,2/o) 


= 

su Pt(-®'^ 0 ,ko ( a i fo e 5sdL s 

+ “ 2 fo 

e~ Ss dL 2 + 

e-^*U(A T «.,y T .)F*<^ 


+ (a 1 U 1 0 (A#) + a 2 U 2 0 (y- L )) 

e~ 5T * I T * 

=t)) 


< 

sut>—(F„ 0:yo (o i f () e dL g 

+ “2 If 

e~ Ss dL 2 + 

e“ 4T * (4>(X T *,Y t ») — 2e)I T *<r 


+ (mU^X#) + a 2 V?(Y^)) 

e~ ST *Ir* 

=r)) 


< 

suprF^.ya (/ 0 r C{tp){X g - 

,Y a -)e~ l 

is ds + A#. 

M 2 * — 2ee St I t *<t Y ipi^ OiJ/o)^ 

< 

i/j(x 0 ,yo) -eX/ {8 + A) 




< 

(*0,2/0) 
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and this contradicts the assumption that V(xo, yo) = f>{xo, Vo)- □ 

From the above two propositions we get the following result. 

Corollary 8 V is a viscosity solution of of the HJB equation (51). 


4 Smallest Viscosity Solution 

Let us prove now that the optimal value function V is the smallest viscosity supersolution of 

©■ 

We say that the function u : R+ —> R satisfies the growth condition A.l, if 

u(x, y) < K + aix + a 2 y for all (x, y) £ R+. 

The following Lemma is technical and will be used to prove Proposition 1101 

Lemma 9 Fix xo > 0 and yo > 0 and let u be a non-negative supersolution of m satisfying 
the growth condition A.l. We can find a sequence of positive functions u m : R"j_ —> R such 
that: 

(a) Tim is continuously differentiable. 

(b) Tim satisfies the growth condition A.l. 

(c) p < pi Um,x + P2U m,y < (S + A) Um ifl R+. 

(d) Um \ u uniformly on compact sets in R+ and Vu m converges to Vu a.e. in R+. 

(e) There exists a sequence c m with lim c m = 0 such that 

m—>oo 

su P(x,y)eA 0 £(u™) y ) < Cm, where A 0 = [0, * 0 ] x [0, y 0 ]. 

Proof. The proof follows by standard convolution arguments and is the extension to two 
variables of Lemma 4.1 in Azcue an Muler [9]. □ 

Proposition 10 The optimal value function V is the smallest viscosity supersolution of m 
satisfying growth condition A.l. 

Proof. Let u be a non-negative supersolution of Q satisfying the growth condition A.l 
and let L £ define ( Xt, Yt) as the corresponding controlled risk process starting at (x, y). 
Consider the function u m of Lemma [9] in R+ ; we extend this function as 

Um y) = aiV°(x)I x >o + 02 V 2 ° {y)I y >o for x + y < 0 . 

As in the proof of Proposition [T] we get 

(24) 

Um{Xu,T,Y t ^)e- s ^ T) -Um(x, y) 

< C T C(um)(X s - , Y g -)e~ Sa ds - fll C T e~ Ss dLl - a 2 e~ Ss dL 2 s + M^ r + M 2 ^, 
where M} and M 2 are zero-expectation martingales. So we obtain that 
Mm(WA- 1 LtA-)e _,5(tA ' r) /->t - Tim(x,y) 

< C T C(u m )_(X 3 -, Y s -)e~ Ss ds + Mf Ar + M 2 AT 
—ffli e-'-dL 1 . +e- 5 (iA “)F 1 °(AW)/r< t ) 

-02 [c r e~ Ss dL 2 +e-^ tAr) V 2 °(Y tAr )Ir<t) ■ 

Using that both L\ and L 2 are non-decreasing processes, from the monotone convergence 
theorem we get 

Um (E x , v ( ai e- Ss dLl + e- 5 ( tA ^V?(X tAT )Ir<t) 

( 25 ) +02 (j* AT e~ Ss dL 2 + e -«(* A “>U 2 °(y tAT )/ T < t ))) 

= V T (x,y). 
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From Lemma [9jc), we have 

-(<5 + A )um(x,y) < £(u m )(x,y) < Xu m (x,y) + U(x,y). 

But using Lemma[9|b) and the inequality X s < x + pis, Y s < y + p 2 s we get 

(26) u m (X s ,Y s ) < K + a\X s + a 2 Y s < K + a\x + a 2 y +ps. 

So, using the bounded convergence theorem, we obtain 

(27) hm E x , y A £{um)(X s -,Y s -)e- Ss ds^ =E x , y ^J £{u m ){X s - , Y s -)e~ Ss ds 

From (HI), J25J and OH), we get 
(2S) 

Hm E m , y (« m (fe,h Af )e" i(iAf) /r< 1 )-ii m (i,!/) < E x , y £(u m )(X s -, Y s -)e~ Ss ds' S j -V T (x, y). 
Next, we show that 

(29) lim E XlV (um{X t /\-, Y tAr )e~ HtAr) I T>t ) = 0. 

t->-oo V / 

From (ESI, there exists a K such that 

E x , y (u m {XtAT, Y tA r)e-^ tAr) I r> t) < (K + a lX + a 2 y + pt) e~ st . 

Since the last expression goes to 0 as t goes to infinity, we have (1291) . Let us prove now that 


(30) limsup E x , y f f £(u m )(X s -, Y s -)e Ss dsj< 0. 

m—^oo \J 0 / 

Given any e > 0, we can find T such that 

(31) J C{um){.X s -,Y s -)e~ Sa ds< £ - 

for any m > 1, as by virtue of (1261) . growth condition A.l, LemmaJKb) and Lemma He), and 
the growth property of V)° and V 2 , there exist positive constants k o, ki,k 2 and p such that 

£(u m )(X s - , Y s -) < \u m (X s - , Y s - ) + U(X a - , Y t -) 

< k 0 + kix + k 2 y + ps. 

Note that for s < T, X a - < Xo := x + p\T , Y a - < yo := y + p 2 T. From Lemma He) we 
can find mo large enough such that for any m > mo 

[ £(u m )(X s -,Y 3 -)e- Ss ds <Cm [ e~ Ss ds < ^ | 

Jo Jo 0 2 

and so we get ESI. Then, from (1281) and using El and El, we obtain 


(32) u(x, y) = lim u m (x, y) > V T {x, y). 

m —>oo 

Since V is a viscosity solution of JHJ, the result follows. □ 

From the previous proposition we can deduce the usual viscosity verification result. 

Corollary 11 Consider a family of admissible strategies {7 T' v £ Ux,y : (x,y) £ R+}. If the 
function V^,v(x,y) is a viscosity supersolution of EP for all (x,y) £ R+, then Vj^,y(x,y) is 
the optimal value function W- 
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5 Iterative Approach 

In this section, we approximate the optimal value function V defined in © by an increasing 
sequence of value functions of strategies which pay dividends (and collaborate if it is necessary) 
up to the n-th claim (regardless from which company) and then follow the take-the-money- 
and-run strategy. Given initial surplus levels ( x,y ), the take-the-money-and-run admissible 
strategy L pays immediately the entire surplus x and y as dividends (that is X 0 + = 1 q+ = 0), 
and then pays the incoming premium as dividends until the first claim, where the company 
facing that claim gets ruined. Note that under this strategy the companies can not help each 
other. 

Consider r n as the time of arrival of the n-th claim regardless from which company, that 
is the n-th point of the Poisson process Nt = N } + N 2 . We define the set II" y of all the 
admissible strategies in H x , y which follow L° right after Tn. Let us define 


(33) V n (x,y) =_sup V T (x,y) 

for n > 1, we also define V° = Vjo. We can write 

V°(x,y) = cnx + aiy + (f +a 1 P 2 o (0)) 

+&(S +«2V?(0)). 

Note that, for n > 1, we have 


(34) V n {x,y)=_ sup V-£(x,y), 

Len x t y 

where 

Vg(x,y) = E X} y(ai fj 1 e~ Ss dL\ + o 2 f 0 T1 e^dL* + V n ~\X^ , Y^)I T1<r 
[ ’ +e~ ST ^aiVi (X^) + a 2 V 2 °(Y±)) I T1=T ). 

In this expression, we only consider the admissible strategy L G II a,, y for t < n. The 
following DPP holds. 

Lemma 12 For any initial surplus (x, y) in R+ and any stopping time t, we can write 

V n (x, y) = su Prenxi!; (E^ y (ai e~ 5s dL\ + a 2 J^e^L 2 

+e~ ST V n (X x , Y£)I T<TlAr + e- s ^V n - 1 {X^,Y T L 1 )I TlAT=Tl< r 
+e~ SY ( ai V?(X£) + a 2 V 2 °(Y T L )') I TlAT=T1=T )). 

Proposition 13 We have that V 1 < V 2 < ... < V. 

Proof. We prove the result by induction: 

(a) V° < V 1 , because the strategy L G II XtV . 

(b) Assume that V n ~ 2 < I/" -1 . By (THl) . we have 

P" ( x,y ) > sup^n E XtV (a\e~ Ss dLl+ a 2 e~ Ss dL 2 + e~^V n ~ 2 (X^,Y£)I ri<T 

+e~ ST jorVf (JT#) + a 2 V 2 (Yp )) E 1=T ) 

= V- 1 (z,y) . □ 

The HJB equation for V n is given by 
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(36) 

where 


max {C n (V n )(x, y), ai - V x (x,y),a 2 - Vy(x,y)} = 0, 


(37) 

C n {V n )(x, y) = PiV x n (x, y ) + P 2 V y n (x, y) — (6 + A) V"(x, y) + l(V 7l ~ 1 )(x, y) + U(x, y). 

The following basic results about regularity and growth at infinity of V n , n > 1 are similar 
to those of Lemmas [2] and 

El 

Lemma 14 The optimal value function V n satisfies growth condition A.l, it is increasing 
and locally Lipschitz in R+ with 

aih < V n (x + h,y) — V n (x, y) < (^ e ) s+x '> h l pi _ l^V n (x, y) 

a 2 h < V n (x, y + h) — V n (x, y) < (^ e ( - s+x '> h l p2 — l)V n (x, y) 
for any h > 0 and for any (x, y) in R+. 

In the next two propositions, we see that V n is a viscosity solution of the corresponding 
HJB equation. 

Proposition 15 V n is a viscosity supersolution of the HJB equation 1361) for x > 0 and 
V> 0 . 

Proof. Similar to the one given in Proposition HU □ 

Proposition 16 V n is a viscosity subsolution of the corresponding HJB equation 136\) . 

Proof. The proof of this proposition is similar to the one of Proposition [7] but using as 
martingales with zero expectation 

(38) 

M? = E {V n -\X s ,Y s )-^{X s -,Y s -))e~ 5s 

X s~* X s 

s<t 

-Ai/ 0 ‘e- i 7o I ‘ _ {V n -\X s --a,Y s -)-^{X s -,Y s -))dF\a)ds 

-Ai /* e-* s (V n -\0, X s - + Y s - -a)- ^(X s - , Y s -)) dF\a)ds 

~^fo e ~ Ss fx a _+Y_ {a 2 V 2 °(Y s -)-^(X s -,Y s -))dF 1 (a)ds 

and 

(39) 

Mf = E {V n -\X s ,Y s )-^{X a -,Y s -))e- Sa 

Y S ~^Y S 

s<t 

-A 2 /l e~ Ss S?- , Y s ~ -a)- if(X s - , Y a -)) dF 2 (a)ds 

— A 2 fg e~ Ss fx*I +Ys_ (V n - 1 (X s -+Y s --a,0)-i,(X s -,Y 3 -))dF 2 (a)ds 
-A 2/0 e- 5s /x _+y _ (oiPi°(E-) -i>(X s -,Y s -)) dF 2 (a)ds. 

instead of the martingales M} and M 2 defined in m and (ESI respectively. □ 

In the next proposition we state that V n is the smallest viscosity solution of the corre¬ 
sponding HJB equation. 

Proposition 17 The optimal value function V n is the smallest viscosity supersolution of 136V 
satisfying growth condition A.l. 
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Proof. The proof of this proposition is similar to the one of Proposition 1101 but using as 
martingales with zero expectation (15511 and (HH). □ 

Remark 18 From the above proposition we deduce the usual viscosity verification result for 
the n—step: Consider a family of admissible strategies {L x ’ v G H x , y ■ (x,y) G R+}- If the 
function V£x, v (x,y) is a viscosity supersolution of \S6\) then V£x, y = V n . 

Finally, we have the convergence result to the optimal value function 0. 

Proposition 19 V n V as n goes to infinity. 

Proof. By Lemma [3] and Lemma [2] V is increasing and satisfies property A.l, so there 
exists a T > 0 such that 


(40) e St V(x+p 1 t,y+p 2 t) 

for t >T. Let us define k = V(x + PiT, y + p 2 T) > 0 and take no > 0 such that 

(41) P(rn 0 > T) > 1 - ±. 

There exists an admissible strategy L G Ux, y such that 

(42) V(x,y) ~V r (x, y) < 

We define the strategy L n ° G 11™% as L™° = L t for t < r no A T and L™° = L° t _ Tno for t > r no 
if Tn 0 < t. From (1401) . (1411) and Lemma [3] we have 

v l( x , V) - v l"o (x, y) 

< E x , y (ai (/J ATno e~ Ss dLl + e^V? (X# 

< E x , y (e-^r n Jv(X^ Tno ,Y? ATno )) 

< E x , v (I^ Tno ^ T ye - s ( TATn °) V{x + pi (r A t„ 0 ) , y + p 2 (r A r no )) 
+E Xiy (I^ rno<T je~ s ( TATn o)v(x +pi (r A t„ 0 ) , y + p 2 (r A r„ 0 )) 

< E x , y (Ir TATn JT je _s ( rAT “»)L(i + pi (f A t„ 0 ) +p 2 (f A r„ 0 ))) + kP(t „ 0 < T) 

< f- 

Then we obtain from m 

V(x,y) < V T (x,y) + | < V t n 0 (x)+e < V n (x,y)+e 
for any n > no- □ 


)) + “2 


e~ Ss dL 2 s +e- Sr V 2 °(Y^ 


>)) 


6 Stationary dividend strategies 

As in the one-dimensional case (see for instance Azcue and Muler 0 ) our aim is to find a 
stationary dividend strategy whose value function is the optimal value function V. A dividend 
strategy is stationary when the decision on the dividend payment depends on the current sur¬ 
plus only, and not on the full history of the controlled process; note that a stationary dividend 
strategy generates a family of admissible strategies { L x ' v G H x , y for any (x, y) G R+}- 

If we assume that the optimal value function V is differentiable, the form in which the 
optimal value function solves the HJB equation at any (x, y) G R+ suggests how the dividends 
should be paid when the current surplus is ( x,y ). There are only seven possibilities: 
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(i) If the current surplus is in the open set 

c* = {{x,y) £ R+ : C(V){x,y) = 0,V x (x,y) > a u V y (x,y) > a 2 } , 

no dividends are paid. The set C* is called the non-action set. 

(ii) If the current surplus is in the open set 

= {(x,y) £ R+ : C(V)(x,y) < 0,V x (x,y) = ai,V v (x,y) > a 2 } , 

Company One pays a lump sum as dividends. This lump sum should be min{& > 0 : 

( x-b,y) <£ B{}. 

(iii) If the current surplus is in the open set 

&2 = {(x,y) £ R+ : C(V)(x,y) < 0,V x (x,y) > ai,V v (x,y) = a 2 j , 

Company Two pays a lump sum as dividends. This lump sum should be min{b > 0 : 

(x,y-b) iB* 2 }. 

(iv) If the current surplus is in the set 

So = {0 ,y) £ R+ : C(V)(x,y) < 0 , V x {x,y) = ai,V y (x,y) = a 2 } , 

but not in the closure of B1 U B 2 , both companies pay a lump sum as dividends. 

(v) If the current surplus is in the closed set 

Al = {{x,y) £ R+ : C{V)(x,y) = 0 ,V x (x,y) = a u V y (x,y) = a 2 } , 

both companies pay their incoming premiums as dividends. 

(vi) If the current surplus is in the set 

At = {{x,y) £ R+ : C{V)(x,y) = 0 ,V x (x,y) = ai,V y (x,y) > a 2 } , 

Company One pays dividends at some special rate so that the surplus remains in .AjU-Ao- 

(vii) If the current surplus is in the set 

Al = {( x,y) £ R+ : C{V)(x,y) = 0 ,V x (x,y) > a u V y (x,y) = a 2 } , 

Company Two pays dividends at some special rate so that the surplus remains in A 2 U,Ao . 

Note that if V is a continuously differentiable solution of ([ 8 |l. then A* = .Ao U A\ U A 2 is 
closed, B* = Bl U B 2 U Bq is open, and any segment which connect a point of B* with a point 
of the open set C* should contain a point of .A*. 

Remark 20 Let us consider the simplest case of identical and independent Cramer-Lundberg 
processes in W; that is pi = p 2 = p; Ai = X 2 ; and Uj, Uf have the same distribution F. We 
also choose the dividends paid by both companies to be equally weighted, i.e. a\ = a 2 = 1/2. 
Under these assumptions, the optimal value function will be symmetric, that is V (x, y) = 
V(y,x), and so the sets introduced above satisfy the following properties: the line y = x is an 
axis of symmetry of the sets C*, Bq and Ao; the sets £?* and _Aj are the reflection with respect 
to the line y = x of the sets B 2 and A 2 respectively. 
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7 Curve strategies 

We introduce a family of stationary dividend strategies, called curve strategies, in which divi¬ 
dends are paid in the seven ways mentioned in the previous section, having a simple structure: 
here the boundary between the action and non-action region is given by a curve. These strate¬ 
gies can be seen as the natural analogues of the one-dimensional barrier strategies in this 
two-dimensional case. 

It is reasonable to think that if the optimal strategy is a curve strategy it should satisfy 
the following properties: If (* 0 , 2 / 0 ) G BI U At (that is only Company One pays dividends), 
then ( x,yo ) should be in B\ for all x > *0; analogously if (*o, 2 /o) € B%, U A\ (that is only 
Company Two pays dividends), then (*o, 2 /) should be in B%, for all y > yo- Finally, the set 
C* should be bounded because, as in the one-dimensional case, the surplus of each company 
under the optimal strategy should be bounded for t > 0 . 

Let us define the curve strategies satisfying the properties mentioned above. For these 
strategies, R+ is partitioned into seven sets C, Ao, Ai, A 2 , Bo, Bi and B 2 where A = Ao U 
Ai U A 2 is a curve which intersects both coordinate axes. 

• .Ao = {(*, y)} with (x,y) G R+. If the current surplus is (x,y), both companies pay their 
incoming premium as dividends. Let us call u the ^-intercept and v the //-intercept 
of the line with slope P 2 /P 1 passing through ( x,y ); let us denote 0 ( '{ r ’ v ' 1 and 
the regions in the first quadrant bounded above and below by this line, respectively. 

• Bo = [x, 00) x [y, 00) — Ao- If the current surplus is (*, y) £ Bo, Company One and 
Company Two pay x — x and y — y as dividends, respectively. 

• The set Ai is a curve in o[ x ’ v ^ parametrized by 

Ai = {(«+ g^i(«),£i(u)) with u<u< M ?1 } , 

where £1 : [u, M ^ ] -> R is a continuously differentiable function with £1 (u) = y, 
= 0 and negative derivative. If the current surplus ( x,y ) € Ai, Company 
Two does not pay dividends and Company One pays dividends at some special rate 
for which the bivariate surplus remains in the curve Ai. By basic calculus, it can 
be shown that this rate is given by 

h(x,y) £i(* — {pi/p 2 ) y) 

• The set Bi is the set to the right of Ai in o[ x,y \ that is 

Bi = |(*, 2 /) e R+ : y < y and x > ^(y) + /j . 

If the current surplus ( x,y ) € Bi, Company Two does not pay dividends and Com¬ 
pany One pays the lump sum 

min {6 > 0 : (x - b, y) G .4i} = x - ( pi/p 2 )y - ^(y). 

• The sets A 2 and B 2 in are defined analogously to Ai and B\ with the roles 

of Company One and Two interchanged; that is 

A 2 = |( 6 (u),u + ^£ 2 (v)) with v < v < A/ ?2 |, 

and 

B 2 = {(*, y) € R+ : * < * and y > & 1 (*) + § 7 *} , 

where £2 : \v,M$ 2 \ R is a continuously differentiable function with £ 2 (F) = *, 
£ 2 (Af£ 2 ) = 0 and negative derivative. If the current surplus (x, y) G -4 2 , Company 
One does not pay dividends and Company Two pays dividends at some special rate 
for which the bivariate surplus remains in the curve *4 2 - Here this rate is 

h(x, y) C 2 (y - (p 2 /pi)x)' 
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• If the current surplus (x,y) £ B 2 , Company One does not pay dividends and Com¬ 
pany Two pays the lump sum 

min{6 > 0 : (x, y - b) £ A 2 } = y- {P 2 /P 1 ) x - ^(z). 

• The no-action region C is the open set delimited by the curve A and the axes. If 
the current surplus (x, y) £ C, no dividends are paid. 

The set partition of the curve strategy corresponding to (x,y) = (1, 2) and the functions 
£i(u) = 2 ("- 4 3 >0- 6 > for u £ [-1,4] and $,(«) = for v £ [1,3] 

is illustrated in Figure 7.1. 


y 



For any w £ R, let us define the set 

(43) = {£ : [w, Mj] —> R+, £(Mj) = 0, M$ > 0, < 0 and continuous} . 

Note that the curve strategies depend only on the point (x,y) £ R+ and the functions 
£1 £ 4>“ and £2 £ < ! >I \ used in the parametrization of the curve A. We associate to any 

£ = ((z, y) ,£ 1 ,^ 2 ) and any (x,y) £ R+ the admissible strategy L = £ II^j, Let 

us define the value function F 5 of this curve strategy as 

(44) V I (x,y) = V-j(x,y). 

We will look for ^ such that the associated value function F 5 is the optimal value function 
defined in 0 . 

Remark 21 In the case that A is the segment x + y = K for some K > 0 in R+, the sum 
of the dividend rates paid by Company One and Two is p 1 +P 2 for any current surplus in this 
line. The point Ao = (z, K — x) indicates how this dividend payment is sphtted among the 
two companies in A: At Ao, Company One pays p\ and Company Two pays P 2 , to the right 
of this point (Ai) Company One pays the total rate p\ + p 2 and to the left of this point (A 2 ) 
it is Company Two which pays pi + p 2 - 
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8 Search for the Optimal Curve Strategy 

In order to find the optimal value function V of the problem Q, we use the iterative approach 
introduced in Section 0 and Proposition 1191 Our ultimate goal is to see whether the optimal 
value function V is the value function of a curve strategy as defined in the previous section. 

We first define an auxiliary function. For any C = ((&, y), Ci, £ 2 ), where ( x,y ) G R+, 
Ci £ , £2 G and any continuous function Wo : R+ — > [0, + 00 ), let 


W ? (x,y) := E*, y (f 0 T1 e~ Ss (aid# 6 + a 2 dL 2 s ’^ + e^ 1 W 0 (xg , Y* )I ri <? 

+e~ ST V?(xP ) + a 2 V 2 °(yP )) I T1=T ). 

If Wo is the value function of a family of admissible strategies L = (L x . y G Ila, y ). 2 1 

and C, Ao, Ai, A 2 , Bo, Bi and B 2 are the sets associated to £ (as defined in the previous 
section), then W 5 would be the value function of the strategy which pays dividends according 

to the curve strategy P up to the first claim and according to L afterwards. We call this kind 
of strategy a one-step curve strategy. 

Define 


(46) H(x,y)-.= l(W 0 )(x,y) + U(x,y). 

In the next proposition, we find an explicit formula for the function W^ in terms of Wo 
and Ci f°r (x, y) G 0[ x ’ v ^; the formula for the value function for (x,y) G O 2 X,V ^ follows in an 
analogous way and depends only on £ 2 . 

In order to obtain this formula, we use the fact that W ? satisfies the integro-differential 
equation £ n (W^ ) = 0 in C U A and that wf = a\ in „4i U .Ao U B\ U B. 

Proposition 22 Given C = ((x, y), Ci, C2) and a continuous function Wo, we have that 




W^X,y)= e~ {S+X) ” EL< x < ( -Hy)+%y,y<y} 




+(/ 0 1)2 

+ (<*(* - ap(y) - %y) + k(tP(y))) I{ x >^ (y)+ ZL y , y < v } 

+ (a 1 (x-x) + a 2 (y-y) + k(x - ^y)^j I{ x >% y >y}, 

for ( x , y) G 0[ x ’ y \ where u = x — the function H is defined in 1 ) and 

k(u) = e i+A ps (^ x + ^R(w+^Ci(«),CiO 
a («+A)S^ ai p^(«+ 


+e 


(■5+A) 




dw 


— It W + P t 2 t,t)e~ {S+X) ^dt. 


Proof. Let us consider hrst an initial surplus ( x,y ) G C fl 0[ x ’ y \ By dehnition (1451) we 
have that the controlled surplus process for t < n A h and h > 0 small enough is given by 

(X t ,Yt) = (x + pit,y + p 2 t). 


So we have that 
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W € (x,y) = 


ExA^W^XtA^YtA^ItAn^t + e-^WoiX^Y^ItAn^Kr 
+e~ Sr (aiV?{X T ) + a 2 V 2 °(Y-)) I tAT1=T1=Y ). 


We can write 


E x , y (e- 6 ^ At) 7 {TlAt= i< Tl} W«'(X^ At ,y;YA t ) + e- 5(TlAt) / {TlAt=T1 < n Wo(X^ At ,y r YAt 
= E BtV (e- s ^^I TlM=t<T1 W^(X^ M ,Y^ lAt )) 

+E x>y (/ {ri=TiAt<Tand T1=T}} e-^Vo(xg,y|)) 

{ Tl=Tl At<rand ti=t^ } e-^V 0 (x^,yp), 

and so 

lim e~ (A+<s)t W ? (a- + pit, y + y 2 t) - p) = ^ 

t-M}+ t 

Then <?(£) = (x + pit, y + p 2 t) is continuous and differentiable as long as (x + pit, y + p 2 t) £ 
C with 


(47) 


g'{ 0) = (A + 5)W e (*,y) - H(x,y). 


Let us prove now that the function W^ is continuous in „4i and has a continuous derivative 
in the direction of this curve. In case {x, y) G Ai, we have that for t < Ti A h and h > 0 small 
enough, the controlled surplus process is 

(X t ,Y t )= (x + Pl t+f ^, {Xs J { * i/p2)Ya) ds, y +p 2 t) € A. 

By (f45l) , we have that 


W*(x,y) =E X 


V 1 ./o 


-P 2 


e~ Ss ds + e- 5t W e (X tAT1 , y tAri )/ tAri=t 


;(x s -( Pl /p 2 )T s ) 

+ £*,„ (e" 5T1 Wo(-Y T1 , y T1 )7 tAT1=T1 <^ + e~ ST (aiVi (Xp) + a 2 V^(Y T )) 7 tAT1=T1= ^ . 
Then, with an argument similar to the case of C, we obtain for any ( x,y ) G Ai, 

e -(x+s)t w i ( x + pit + f* s/ (Xa _ ( p p 2 l/p2)Ys) ds, y + p 2 t) - y) 

t—t 

rj / x , &1P2 

x,v - (pi/p 2 )y)' 


So 


g i (t ) := W 5 (a; + pit + f Q —- 


P 2 


is continuous and differentiable at t = 0 and satisfies 


ds,y + p 2 t) 


(48) 


fli(0) = (A + 6)W*(x,y) - H(x,y) + — 


aip 2 


t'i(x- (pi/p 2 )y)' 

Since (a; + pit + fgP 2 /^[(X s — (pi/p 2 ) Y s )ds, y + p 2 t) G Ai for t small enough, we have that 


(x + pit + f Q - 


P 2 


fipk-(pi / P 2)Y s ) 


ds,y+p 2 t) = ( u 0 (t ) + — £i(u 0 (t)),ti(u 0 (t))) 
P2 
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for uo(t) := x - (P 1 /P 2 ) V + /oPa/CU-^* - (pi/p 2 ) Y a )ds-, therefore 


W 5 (u 0 (t) + — £i{u 0 (t)),£i(u 0 (t))) = gl(t). 

P2 

Since u' 0 (t) = P2/Ci(-W — (P1/P2) It) is continuous and negative, Uq 1 exists and is continuously 
differentiable, so 

k(u) := W^(u+ —Ci(w),Ci( u )) = gi o Uq 1 (u) 

P2 


is continuously differentiable. 

Defining 

W(u, s) := W^(u-\- —Ci(w) - pis, £i(w) -p 2 s), 
p 2 

we obtain for (u + (P1/P2) Ci( w ) — PiS,Ci(m) — P 2 S ) £ C that 


£(W0(u,a) 

:= — W s (u, s) - (5 + A) W(m, s) + H(u + —Ci(u) — pis,Ci(w) — P 2 S) = 0 

P2 

The equation £(lV)(u, s) = 0 is a linear ODE in the variable s, so 

W(u, s)e (<5+A)s - k(u) = J‘e^ 5+x)t H(u + —Ci(«) — Pit,Ci( w ) — P2t)dt\ 

therefore 

(49) lV^(u+ — Ci(w)-pis,Ci(w)-P 2 S) 

P 2 

_ e -( 5+A ) s (fc( u ) 4 . fJe (s+x)t H(u+ ^-Ci («) -pit,Ci(«) - P2t)dt), 

for m < m < and 0 < s < min{Ci(w)/P2,w/pi + Ci(w)/p2}- So is continuously 
differentiable in the intersection of the set C U Ai with 0[ x ' y \ We also have, from (S3 and 
SHJ, that for any (x,y) £ Ai, 


W* (x+p 1 t,y+p 2 t)-W i (x,y) 
t-> 0- * 


= lim 
t-> 0+ 


W s (x+p 1 t+- 7 —-,p+p 2 t)-W‘:(:E,y) 

_M'-to 1 ' 1 _ 

t 


- a 1 




Then from 


PiW* (x, y) + paW«l (x, y) 


= (pi + ) w !.'~ (®> 2/) + P2 wfl (as, y) - aijr 


([(.x-'jkv) ’ 


we conclude that (x, y) = ai. 

By S 3 > and since (u + (pi/p 2 ) Ci(w), Ci( u )) £ All, 


wi(u + ^Ci(«),Ci(«)) 


= fc'(u) + (lf(u+£&(«)), Ci(«)) - (* + A)fc(u)) 

= a\, 


and then 
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(50) 

k(u) 


,,_x (S+A)ilM=ilOf 

k(u)e p 2 


FA 


ai -H{w+ g^i(w)),6M) 


Fi(w) 

P2 


(S+X) 


tlM-flM 

P2 


du). 


At the point (w+ (P1/P2 ) £i(m), £i(u)) G 4o the dividend strategy consists of collecting all the 
incoming premium as dividends up to the time n, so 


‘ (¥) = JTx + sh H{1I+ S 


Then we have, from ([50|l, 


fc(u) = e 


(5+A) 




(jfx + ^+^W, fiW)) 


+ /^ ( ffl ! --ff(w + §f£i(w)),£iW)^^) e 1 


(5+A) 


P2 dtu. 


We conclude for (1491) that for any (x,y) in the intersection of the set C with o[ x,y \ 


W^(x,y) = e 


— (i+A)- 


«i («— 


p 2 k(x — —y) 


__ 

+f 0 P2 e~ < ' S+x ^ w H(x + piw, y + p 2 w)dw, 


which yields the result. 


□ 


Remark 23 The formula of W^ in can be obtained using the formula given in Propo- 

sition (23l by interchanging the role of Company One and Company Two using that Wy = 02 
in A 2 UA 0 LSB 2 LS Bo. More precisely, if (x , y) € O < f c,v \ 


Wt(x,y) = 


-O+x)- 


€2 {y— -^r x )— x 


k(y Pl X ^{x<x,y<£ 2 1 (x)+^-x} 


+(/o P1 e {s+x) ’ w H{x+piw,y + p2w)dw)I^_ y ^ 

+ (a 2 {y-&\x) - el x )+%(£ 1 (»)) 

+ (ai(a; -x) + a 2 {y -y) + k(y - I{ x >x, y >y}, 


04+f 


where 


k(v) 


„(«+A) 


pi 


(zfr+ (&(*)■ *+£&(”))) 


(j + A)l#l rv -(S+X)^l, 

+e pi a 2 e n dw 

(6+A) ^ 2( ” ) , 

+ e P1 P1 fit) + %t)e 


(«+A)-S- 

v j pi dt. 


From the formulas obtained in Proposition [22] and Remark [23] we obtain the following 
regularity result. 


Proposition 24 If the function H defined in m is continuously differentiable, then W^ is 
continuously differentiable in R^. 


Proof. Since £1 and £2 are continuously differentiable, it is clear that is continuously 
differentiable except possibly at the points of either the boundary of Bo or the segment 

S=[(x,^(x-x)+y)e R+ with x < a; j . 
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After some easy calculations and using that W^ satisfies 

P- (5 + X)W T (x,y) + H(x,y) = 0, 
it can be seen that W^ is continuously differentiable in S with 

wj(x, 22-(x -x)+y) = f 0 P1 e~ {S+x)w H x (x + piw, ^-{x - x) + y + p 2 w)dw + e ~ ( ' S+X) ~n ' ai 
and 


Wy(x,^(x - u)) = f 0 P1 e < ' S+x)w H y (x + piw, ^-(x - x) + y + p 2 w)dw + e (i+A) p i a 2 . 

Finally, the differentiability at the boundary of Bo follows from the differentiability of W^ at 
(x,y) of S. □ 

Let us define the set of functions 

M = {w : R+ —¥ [0, +oo) continuous with w(x,y) — a\x — a 2 y bounded}. 

Proposition 25 The value function of the curve strategy corresponding to £ = ((x,y),£i,/; 2 ) 

as defined in i \44t - satisfies the formulas given in Proposition^^ and Remark [£U\ replacing both 
Wo and by V^. Moreover, V^ is the unique function in M which satisfies this property. 

Proof. At is a complete metric space with the distance d(wi,w 2 ) = sup R 2^ |uu — w 2 \ . 
The operator T : M —» JYl defined as 

TH( x, y) := E x , y (f 0 T1 e~ Ss (fli dL 1 / + a 2 dL 2 s + e~ s ^w(X ^, Y^)I Ti<t 
+ e~ ST (aiV?(X?) + a 2 V 2 °(YP)^j I T1=r ) 

is a contraction with contraction factor A /(6 + A) < 1. Then, there exists a unique fixed point 
and by definition (1441) , T(P^) = V Taking in Proposition 1221 and in Remark [23] the function 
Wo as V^ we obtain from (HSJ that V ' = W' and so we get the result. □ 

This last proposition gives a constructive way to obtain P^. Starting with wo(x,y) = 
aix + a 2 y £ A4, we dehne iteratively w n +i = T{w n ). Hence, V ? = limn-,.,*, w n . Note that 
at each step w n + 1 can be obtained from the formulas given in Proposition [22] and Remark 1231 
replacing Wo by w n - 

Consider now the function P"’ ? defined in ([45]) taking Wo as the optimal value function 
V n ~ 1 corresponding to step n— 1 in ([33]). We try to find £ n , which maximizes V n among all 
the possible £ = ((x,y),t; 1,^2). If the function P 71 ^" is a viscosity supersolution of (1361) . then 
by Remark 1181 we would have that V n ’^ n = P". In the case that one-step curve strategies 
corresponding to exist for all n > 1, by Proposition 1191 V n ’^ n V. 

Let us call, as in 


(51) H n -i{x,y) :=l(V n 1 ){x,y) + U(x,y) . 

In order to find the optimal one-step curve strategy corresponding to £„ = ((x„, y*), £i,n, f, 2 ,n), 
we look first for the optimal vertex (x^,y*). By the formula given in Proposition [22] 


V n ^(x,y) 


P Hn-i(x,y) 

<5 + A <5 + A 
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and 


V n ^(x,y) 

= V n ’^(x,y) + ai(x - x) + a 2 (y - y). 

for x and y large enough. So 

( —* —*\ H n ~\ (x, y) — — 

{x n , y„) = arg max ——— - aix - a 2 y. 

(i,I)6R^ 0 + A 

If this maximum is attained at a critical point (assuming that H n -i is differentiable), we have 
that (Xn,Vn) is a solution of 

f d x H n -i(x,y) = ai (5 + \) 

\ d y H n -i(x,y) — a 2 (6 + A) . 

Let us call u* = x„ — ( pi/p 2 )y* n and TJ* = y* n — {p 2 /pi)Xn- Next, we use Calculus of 
Variations in order to find two curves £* } „ and Q,n which maximize V n (x,y), among all 
£ = ((x*,y*),£ 1,^2) for £1 £ <f>“ n , £2 £ and (x,y) large enough. The two curves can be 
obtained separately and independently. 

Proposition 26 Assume that H n ~ 1 is differentiable and that there exists = ((ir*, y*), £i >n , £ 2 , n ) 
where £*_„ £ & Un and ^J,n £ < f >I,T1 such that V n = V n ^ n . Then £*_„ satisfies 

d x H n -!(u+ ]££,„(«), £,„(«)) = ai(<5 + A) 

for Tin < u < n , and Q,n satisfies 

d y H n - 1 (& in (v),v+ a{in(*)) = a 2 (S + A) 

for Vn < v < n . 

Proof. We will prove this result for £](„, the proof for Q,n is analogous. 

Given any £1 £ , we have that 

V n ’«(M ei ,0) + ai(x-A%), 

for £ = ((£*,;/*),£ 1,^2) and x > M Sl . Then, if there exists £^„ £ <I>“ n such that V n = V rL ’^ n , 

V n ~ e ™ {M Ci , 0) - oiM e . = max (v"’ ? (M ei , 0) - aiM Sl ) . 

Consider non-negative test functions ? with ?(u*) = 0 and ) = 0. We have that 

+ e? £ 4>“ n for e small enough. Let us write, 

£e{u) = Ci ,n(u) +e?(u). 

We have that A/j e = and then 

V n ’ rn (Ms ln ,0) - 01 M e j fB = max (W*(M e ._ b , 0) - 01 J , 

where £ e = ((*£, 2&)> £e, 6)- Denote 

0(e) := ^(Mej^.Oj-arM^. 

We have that £ £ (M£* ) = Ci,n(A/j* ) = 0 and £ e (u0) = £1,nK) so we can write by Proposi¬ 
tion [52] 
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(«+A)«f (W*) 


#(e) = e p 2 


P + T^rH n . i« + ££,„«),£,„«)) ) - aiw. 


5+A <5 + A 

(a+x){ e ( m ) 


/ _I£±20ieM \ If 

/ ai e p 2 — 1 dw H-/ 

Au* V J P2 Jo 


P2 

l ft l,n(“n) 


(i + A)t 

(f) + S‘,t)e di- 


Clearly, 



£=0 


1 

P2 



(w+^ei,nH,Ci,uH) 


0,1 (S + A) j 


e- (5+A) 


P2 


g(w)dw. 


So we obtain 


(d x H n -i{u + ££l,„(«),£;:,„(«)) - oi(J + A)) e - (5+A)ii ^ = o 

for all < u < Mg* n . □ 

This last proposition gives us a constructive way to find the candidate for V n in the case 
that it comes from a one-step curve strategy. We find numerically, if it exists, the solution 
z\(u) of the equation 


d x H n -i(u + ^zi(u),zi(u)) = ai(S + A) 
for u* n <u< min {u : zi (it) = 0} and the solution z 2 (v) of the equation 

d y H n -i(z 2 (v),v + g Z2 (v )) = a 2 {S + A) 

for < v < min{v : z 2 {v) = 0} . If zi(u) is in and z 2 (v) is in we define 

£i,n( M ) = Zi(u) and £ 2 ,n( v ) = z 2 (v ) and we obtain the value function V n ’^ n by the for¬ 
mula given in Proposition 1221 this is our candidate for V n . Afterwards, we check whether 
j s a viscosity supersolution of (1361) : if this is the case, then V n = V n '^ n . 

In the next Proposition we state some conditions under which the optimal strategy of 0 
is a curve strategy. This result, together with Propositions [22] and [26] gives a way to find the 
optimal curve (if it exists). Let us first define a criterion of convergence for a sequence (£„) >x 
that will be used in the next proposition. 

Definition 27 We say that£ n = ((x n ,y n ), $i,n, &,n) converges to£ = ((x,y), £i, £2) if 


lim (x n ,y n ) = (x, y), lim Mg -» for i = 1,2, 

n—> 00 n—>00 ’ 

lim max |£i, n (w) - £i(«)| = 0, lim max |£2,n(u) - £ 2 (u)| = 0, 

n-too [B n ,Af 4 ]n[S,M £ ] n->oo {v n ,M ( 2 ]npj,M £ ] 

lim max , l£ri( w ) - £i _1 (w)| = 0 and lim max \&l{w) - ^(iu)! = 0. 

TT llnffl C /\ 1 1 ’ 1 no —Vcy-i I C ITT? llnlfl C (STM 1 ’ 


n->oo [O.fii 


[0,?2,n(“n)]n[0,5 2 (j7)] 


Proposition 28 Assume that there exists a £„ such that V n = V n ’^ n for all n > 1. If £ n 
converges to some £ in the sense of Definition \21\ then the optimal value function V is the 
value function of the curve strategy as defined in 0. 


Proof. From Proposition 1191 we have that linin-Kx, V n ’^ n = V. So replacing Wo by V n ’^ n 
and £ by £ n in the formulas given in Proposition [22] and Remark[23]and letting n go to infinity, 
we obtain that V satisfies the formulas given in Proposition [2D and Remark [53] replacing Wo 
by V and £ by £ . Therefore, by Proposition [25] and Lemma [2] the functions V and V 5 
coincide. □ 
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9 Numerical Example 

We present a numerical example in the symmetric and equally weighted case with an expo¬ 
nential claim size distribution. By Remark 1201 we restrict the search of the optimal curve 
strategy to £ = {{x,x) ,£,£), £ € $° . Using the formulas given in Propositions 1221 and 1261 
we obtain the functions £* G <f>° and we check numerically that for £ n = ((ir*, x „), ££, £0) 
the associated value function V n '^ n is a viscosity solution of (J36J). We also obtain numerically 
the convergence of £ n to £ according to Definition 1271 Then, using Proposition 1281 one can 
conclude that the optimal strategy is a curve strategy with curve £*. 

The numerical procedure was done with the Mathematica software and the calculation is 
quite time-consuming. The concrete chosen parameters are: exponential claim size distribution 
with parameter 3, Poisson intensity Ai = A 2 = 20/9, premium ratepi = P 2 = 1, and a discount 
factor <5 = 0.1. In this numerical procedure we used step-size Ax = Ay = 0.002 and iterated 60 
times. The resulting optimal curve strategy is given in Figure 9.1, and V(x,y) — (x + y)/2 (the 
improvement of the optimal dividend strategy over paying out the initial capital immediately) 
is depicted as the upper curve in Figure 9.2. 


We also compare for this numerical example the optimal value function V(x,y) with the 
(comparably weighted) sum of the stand-alone value functions without collaboration: 


Vs(x,y) 


V 0 (x) + V°(y) 
2 


and with Vm(x + y)/ 2, where Vm is the optimal value function for the merger of the two 
companies. Figure 9.2 depicts the graphics of all three value functions V(x,y), Vs(x,y) and 
Vm (x + y)/2, each of them reduced by (x + y)/2. The optimal merger strategy is barrier with 
barrier b = 2.77. By Remark|TJ Vm(x + y)/2 < V(x,y) for all (x,y) G R +. One sees that 
whereas for the comparison between the stand-alone case and the merger the initial surplus 
levels matter (with the merger case being the lowest of the three value functions in (0,0)), 
the collaboration case outperforms not only the merger case but also the stand-alone one for 
all combinations of initial surplus levels (i.e. if one measures the overall dividend payments 
that can be achieved with either behavior, for this numerical example collaboration is always 
preferable). Hence we have here an instance where collaboration is beneficial not only for 
safety aspects, but also with respect to collective profitability. 



Figure 9.1: Optimal Curve Strategy 
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